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THE FLEXTBLE RECTANGULAR WING IN ROLL AT SUPERSONIC FLIGHT SPEEDS

By Warren A, Tucker and Robert L. Nelson
SUMMARY

The problem of the loss In rolling effectiveness at supersonic flight
speeds 18 considered for the case of the rectangular wing. ZEquatlons are
obtalned from which can be calculated either the loss in rate of roll due
to flexibility or the torsional stiffness required to mailntain a given
rate of roll, for two assumed varlations of the spanwise distribution of
torsional stiffness.

A computatioh form and figures are provided so that calculations can
be made without reference to the details of the analysis.

INTRODUCTION

The problem of the flexible rolling wing in subsonic flow has been
dwelt upon by many investigators, who have devised numerous methods of
solution. References 1 and 2 were found valuable in the preparation of
the present paper; reference 1 notes several other useful papers, So far
as the domaln of supersonic speeds is concerned, however, little work
has been done on the problem.

The fundamental relations between the aerodynamic and the elastic

. forces are, of course, valid for any flight speed. The aerodynamic forces
themselves, however, are critically dependent. on the flight speed because
of the vast difference in flow behavior between the subsonic and the
pupersonlc reglons. Any sgolutlon of the aeroelastic problem at supersonic
speeds, then, mst consider aerodynamic forces calculated by the various
methods peculiar to the supersonic zons.

Ag a flrgt step toward a solution of the problem, a treatment is given
of the relatively simple case of loss in rolling effectiveness of the
rectangular wing with constant—chord allerons extending inboard from the
wing tips. (See fig. 1.) The methods used are in general based on the
linearized equations for supersonic flow. Due consideration is given to
three—dimensional effects. The torsional stiffness of the wing is assumed
to vary either linearly with the distance outboard from the wing center
line or as the cube of this distance.
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Because of the relatlve complexity of the equatlions involved in the ‘
analysis, a camputation form and figures are provided from which calculations
can be made without reference to the details of the analysis.

SYMBOLS

A aspect ratio (b/c or 1b2/S)

s} wi_ng span

bg totel alleron span

c wing chord

Cq aileron chord

S wing area (bc)

8 gemispan (b/2)

y distance out from wing center line (see fig. 1)

M free—stream Mach mumber

B = \h&e -1

V4 rdtio of specific heat at constant pressure to spscific
. heat at constent volume (1.40 for air)

Po ) free—stream static pressure
‘ qQ free—stream dynamic pressure g- poMe)

P ‘ 1ifting pressure

C:p 1lifting-pressure coefficient (P/q)

C-pw additional two—dlmenslional lifting-pressure coefficlent

“due to alleron deflection (48/B)

s) deflection of ome alleron .

2] " angle of twist at any spanwise station

er angle of twist at reference station (midspan of aileroﬁ)

b /2V wing-tlp helix angle
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EsT

rolling angular velocity

free—gtream velocity
rolling moment
rolling-moment coefficient (1/qSb)

rolling-moment—effectiveness coefficient for two ailer—
=

bole)
oCy
damping—in-roll coefficient —-ﬂ; .
o
2V
3¢,
rolling-moment—loss coefficient So..
r

8
torque at any spanwise station </ m dy>
. y

pitching moment about midchord at any spanwise station

torsional-stiffness parameter ( I )
ae/ay,

torsional~stiffness parameter (T/6)

torsional-stiffness parameter at reference station
(midspan of aileron)

constant of propor‘bionality for stiffness distribution

constants of proportionality for twist distribution

tralling—edge angle reduction factor

disturbance—velocity potential

Carteslan coordinates parallel and normal, respectively,
to free—stream direction (see fig. 13(a)), for field
points

Cartesian coordinates parallel and normal, respectively,

to free-stream direction (see fig. 13(a)), for source
polints

R i e T e et R
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Subscripts:

R rigid

0 : gea level

1,2,3 used with § and Cp to Indicate various regions

of wing

A1l angles are in redians, unless otherwise specified;
ANALYSTS

In a steady roll, the resultant rolling mament acting on the wing
is zero. This statement can be written In equation form as

pb =
BC150 — (—Bczp) 57 — BC1q r = 0 ' (1)

where BCys 18 the rolling-moment—effectiveness coefficient of the aileroms,
BCZP is the demping—in—roll coefficlent, and BCle is the rolling-moment~
r

loss coefficient resulting from the flexibillty of the wing. The quantiti B
is retained merely for convenience in the subsequent analysis. The positive
sign is given to the quantities BCZS’ —BCZP, and BCZG .

r

The following equations can be written from equation (1):

)
¢, — BC £
pb/2V B7q — P lg. ©

2
L o (2)




NACA TN No. 1769 5

'y : (3)

Equations (1) to (3) are applicable to flight at elther subsonic or
supersonlic speeds. The problem, then, is simply to determine the values
of the various quantitles at supersonic speseds. For a given wing-aileron
conflguration, equations for BCZB and —BCZP can be found from refer—

ences 3 and 4, respectively. The remainder of the analysis is devoted to
the derivation of expressions for the rolling-moment—loss coef—
ficient BCze and the twist parameter 6,/8. Those readers who are

more interested in the application than in the derivation are advised to
turn to the section entitled "Computation Procedure and Discussion.”

Torqu. .—-A.knowiedge of the spanwise distribution of twist 8 is
necessary for the determination of either BCZQ or 6,/8. The twist
T

at any section is found from consilderations of the aerodynamic torque and
the elastic forces acting on the wing., The aerodynamic torque is assumed
to result solely from the moment about the wing midchord line of the
pressure resulting from alleron deflection., This assumption implies that
the centers of pressure of the 1ift forces resulting from rolling and from
twist are so near the elastic axls as to contribute only a negligibly small
twisting moment. DBecause the elastic axis of a rectangular wing designed
Tor supersonic speeds would be expected to lie near the midchord line .
(mich as in the case of a subsonic wing, where the elastic axis and the
line of aerodynamic centers are not too far geparated) and because the
centers of pressure of the forces resulting from rolling and from twist
are near the midchord line, the assumption appears reasonable. In
addition, the loads caused by aileron deflection are assumed to be
independent of wing twist, and the alleron itself is assumed not to

twist. An important result of meking these assumptions is the elimination
of any necessity for using a successive approximation method.

The aerodynamic torque T at any spanwlse stdation y is simply the
total moment acting outboard of the station., " That is,

. .
T= /mdy . ()
y

where m 1s the pitching moment about the midchord at any station and
is assumed to result solely from the pressures caused by alleron
deflection. These pressures were taken from the equations given in
figure 2(a) of reference 3. The resulting equations for the torgue were

B . D e i o T R T e U UV
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very cumbersoms; therefore, the exact expression was approximated by two
simple expressions, one representing a constant torque over the part of
the spen inboard of the aileron (the value ‘of this torque was taken equal
to the greatest value glven by the exact expression) and the other repre—
senting e torque decreasing linearly along the alleron span to zero at
the wing tip. The approxlimate equation for the torque per unit alleron
deflection inboard of the alleron is

r__38
cjpquB B (5&)

b
where O S y $1- —6& and the approximate equation for the torgue over
the a.ileron span 1s

Cp qc3=;g%(l—"> (5b)

(<]

where 1 — -%9 < -Z— < 1. A comparison of the torque distribution obtained
from the exact and approximate equations is shown in figure 2 for a
particular configuration and for two values of B. The same degree of
approximation can be expected for other configurations., The principal
factor governing the closeness of approximation is the value of Bj;

as B increases, the approximation approaches more closely the exact
variation. ;

Twigt.~ The twist 6 at any spanwise station y can be expressed
aB L[4
f 0 ay (6)

therefore, if an expression can be found for d0/dy, the twist can be
calculated.

Now the torsional etiffness of the wing at any spanwlise station can
be represented elther by the quantity GJ or by the quantity mg, where
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g
i

a6/dy

© |3

mg

(7

If the expression for GJ 1s integrated, then

o _ fy.ﬂz
T o GJ
or
1. fyﬂ
g o &I
8o that i1f, for example,
Lo |
o5 k
then ‘>
S
g ky.d
and 1f
L2 |
G—J=
then - =
L -k 3
mg =37

-

(8)

(9)

(10)

These results are of use in the subsequent analysis.

o e S e o ot



8 , NACA TN No. 1769

Consider the parameter GJ. Fram equation (T)-

6

T

Substitution of this expression in equation (6) makes possible the
calculation of 0 at any point along the span.

The twilst was calculated for two agsumed spanwise varlations of
torsional stiffness. The first 'GLJ =k G)r '1%5 «y) 1s known to be

representative of many sznnll—sca.le models used in free—flight supersonic
regearch, The second ELJ = kg2 (or _mlE « 3’3). is typical of many subsonic
fighter alrcraft. (The degree of applicebility to future supersonic
aircraft can only be conjectured.) The procedure outlined can be used

to obtain equations for other stiffness distributloms. The following

equations are the results of the twist calcilations: TFor é—J =k,

6 ___BY
kCp gbe3 2P B (12e)
vhere 0SX<1 22 ang
[ b -
, . NG ,
eb3= Bba [2%-— %) —(1—%)] (12b)
Cc —
kCp, 4 Lg =

| 3
oy i a5 o) (132)
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b
where 1 —-=-2<3< 7,
P T8

The twist may be expressed more conw}eniently as the ratio of the
twist 6 at any station to the twist 6, at a reference station, taken
’ b
at the midspan of the aileron (% =1 - % T)g>' From equations (12)

for -é-J=k,

£-mhE ()
where 0SL g 1-=% and
g% 3@ - 6]
vhere 1 — :?59 < g— S 1. From equations (13) for % = lqe,
B 2 0 =

@l
[L7AN
[

]
o'
|

where O §

T T A e e e = e e e oy A £ T e o et = A e et e —
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.. ll- b ll_
s-al@ - 6= e
where 1_3§§1§1_

Although these expressions for the twist are not complicated, the
use of a single twist equation which appllies over the entire span results
in a considerable saving of effort when evaluating the rolling—moment
loss due to twist. For this reason, equations (14) and (15) were

approximated by the followling expressions: TFor ElJ— =k (or -n'}—e « y) 3
- Db
— L& 2
o B-bygy ¥ &) (162)
e 8 Db _\8
Toa-skm 8o
b

2. - __17_@)2 (‘l6b)

where O s

e

T 1. These approximations are compared with equations (1b)
and (15) in figure 3 for two values of bg/b.

Rolling—moment—loss coefficlent BCZGT'— With the twist evaluated,

there remains the problem of determining the rolling moment resulting
from the twist., Equations (16a) and (16b) can be rewritten, respectively,
s X
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b
12 — b2 5 ,
6= §———§%ry—§§——%4ry (17a)
a =8
8 -517 8 53—
8
o= b x _\2 (1)

from which the twist ls seen to be represented by two components, one
linear with respect to y and the other parabolic with respect to y.
The rolling-moment coefflcient resulting from a linear twist has been
evaluated in reference 4 and may be written as

o
=

1 1 1
8 (pa)3

rofo’
Wl o

BC, = (18)

f - !
|
ojw
Bl~
+
o
o~
2
N
+

vhere wy/V 1is the coefficlent of the y—term in the twist equation. The

rolling-moment coefficlent due to a parabolic twist is derived in the
appendlx and 1s

5 1 1 1 11
p2 L1 1 1 1| ()
3 (pa)2 2 (pa)3 8 (pa)*

where WE/V 1s the coefficient of the ye—term.in the twlst equation.
If the expressions for wy/V and wp/V from equations (172) and (17Db)

are substituted in equations (18) and (19) and if the derivative is
teken with respect to 6,, then after some simplification the following

1 1
equations result for Gy = k (oT > a:?)’
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_ 4k I3 2 1 1 .1 1 11
BC, = [——+— + = +
Cter gosa|® P St % (e’ TG(BA){,
e
-—? j2_21,2 1 I 1 (20)
b ) 2 12
s-s2> P Jem (pa)°
and for —l—=l{:3,r2 or -}—a:y3
GJ - g ?
6. = 1 1"13_.§+5 1 101 11 (21)

Sm? %)’ 8 (pmyt

Twist parameter er/a.— The twist parameter may be evaluated directly

in terms of m, , the torsional stiffness at the reference station
r

(aileron midepan), from equations (12) and (13). The value of k 1is
found from equatiaons (9) and (10), and if the value of Cp 1is taken

conservatively as 45/ (the linearized—theory result), then the following

; 1 1
expressions are obtalned: TFor m—9 «< y (or rehi ="'k>,

) 3
=<0t Pa (22)
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and for ﬁ%-m y3 (or é§'= kyQ),
3 BR
R - (23)
Tor (pa) El_iﬂz
b 2D

f

COMPUTATTION PROCEDURE AND DISCUSSION

The solubion of equations .(2) and (3) is most easily carried out
with the ald of a computation form such as that shown in table I, which
is largely self—explanatory. The various quantities to be enteréd in
the computation form are read from figures 4 to 11; in figures 6 to 11
is noted the source of the data presented. The quantity PBA, which is
the ebscissa for most of the flgures, ig found from figure 5 for any
value of Mach number and aspect ratio. The quantity Bq can be found
elther directly from table II for certaln selected altitudes or from
table IT and figure L4 for intermediate altitudes.

The determination of the rolling-moment—effectiveness coefficient BC.L8
requires some discussion. When F = 1 +the values of BCZS/F glven in

figure 6 represent linearized—theory values. The quantity F (see fig. T)
is a reduction factor which takes into account the finite trailing—edge
angle of the aileron. The value of ¥ was obtained by taking the value
for the first two terms of the thickness reduction factor glven in figure L
of reference 3. Some recent experimental evidence indicates that,
presumably because of boundary-—layer effects, the use of the first two
terms gives results which are in closer agreement with experimental data
than are results obtalned by using the complete three terms. Although

the factor F 18 strlictly applicable only to flat—slded allerons, it can
be applled to other ailerons with 1ittle loss in over—all accuracy by
estimating an effective trailing—edge angle.

An explicit solution for the reversal speed is difficult because of
the manner In which PBA .enters the quantities involved. The reversal
speed may be found by a method similar to the one used in reference 5 to -
indicate divergence speed. Often, however, the variation of the rate of
roll through the speed range is of more interest than the reversal speed
alone; if this variation is calculated by use of table I, the reversal
speed is automatically given, if reversal occurs. Because of the linear

b /27
dependence of 6,./8 on l/mer and gq, the values of 2—275;;—
P R

- T e e e e e —y - e - e it o < ——— e o — e
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from table I for specified values of stiffness and altitude can be con—
verted easily to give results for other values of stiffness and altitude.

Often a solutlon is desired for the torsional stiffness required to
maintain a certain percentage of the rate of roll that would be cbtained
with & rigld wing. This solution is easlly effected by a slight rearrange—
ment of the last several columms of table I, as shown in the table.

As an example of the type of data obtained from the use of the
figures and the computation form, figure 12 shows the resulis of some
computations for a typlcal free—flight research model.

CONCLUDING REMARKS

An analysis has been presented of the problem of the loss in rolling
effectiveness at supersonic flight speeds for the case of the rectangular
wing. The effects of the loss In 1ift in the various Mach cones were
coneldered in the analysis, and equations were obtained for two assumed
variations of the spanwise distribution of torsional stiffness.

A computation form and figures were prepared; wlth the aild of ‘these,
calculations can be made without the necessity of referring to the details
of the analysis.

Langley Aeranautical Laboratory
National Advisory Commlittee for Aeronautics
Langley Fleld, Va., September 21, 1948
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APPENDIX
ROLLING MOMENT RESULTING FROM PARABOLIC TWIST

If the pressure distribution over the twisted wing can be found,
this pressure distribution may be Integrated to give the rolling moment.
Perhaps the most direct way to find the pressure distribution for the
particular case in the present paper 1s -to consider the twisted wing to
be represented by a distribution of sources and sinks, so that the

pressure distribution can be found by use of the methods of references 6
and 7.

In general, only one wing panel need be considered (see fié. 13).
The distribution of vertical velocity along the span of this panel is

Just wene, where Vi is a constant; on the other panel the distribution

is — W21']2. At any point located between the Mach cones from the tip and

center of the wing (see fig. 13(a)), the velocity potential on ocne surface
is glven by

Y ngy n §3
v 2 W | 3 2
p1 (x,y) = - = n°f(g,n) ak an — 2 n“f(E,n) 4t an (A1)

1,10 J

where

-1/2
f(E,n) = [(x —~¢ )2 - 3y - n)g]

At any point located within the tip Mach cone, the velocity potential is
glven by

L}

pe— - = R0y 00 e e
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W
¢2(x,y) = ¢1(I,Y) + —ﬁg 1']2f(§,1]) dg¢ dn

« 5 1°2(,m) & an (#2)

where the last two terms represent the effect of the finite tip. At any
point within the Mach cone from the center of the wing, the velocity
potential is . .

0 ngy
f3(x,3) = ¢ (x,9) + —2? n°E(E,n) ab dn (43)

n, -0

where the last term represents the effect of the opposite wing panel.

If a pressure coefficient is defined as

(Ak)

Q
]
|

where P is the lifting pressure, then

y o
C, = T 3 (A5)
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When equations (Al), (42), and (A3) are substituted in equation (A5)
and the indicated operations are performed, the pressure distribution

over the region between the Mach cones from the tip and center of the
wing becomss

L V2ol i
_ Tty kg

o e (46)

the pressure distribution over the part of the wing within the tip Mach
cone 18 glven by

_ V2 |2r® 4+ 1p3y2 og—L 2B7 — 288 + x -
CPQ ) 33 X :

4 4pgs — 2x 2
_3PT * e V22 — 32(2y -28 + = (A7)
3 B
B~
and in the center Mach cone the pressure distribution is
c =W_2£Y.\,x2_32y2+£ﬁ+_x_2_sm-lfl (48)
P3 4 52 ' 3 X

B

Now the rolling moment of aone wing panel is simply

q

1 [cpydydx | (49)

B Sy U
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where the integration is taken over the area of the panel. The limits
of integration are shown in figure 13(b). Equation (A9) becomes
\

c nx/B c s—% ¢ o8
1
1
e C, ¥ dy dx + C.ydy dx + y dy dx (A10)
q s B 2
o Yo 0 Ux/B _ 0 s..%

These integrations, which, although tedious, can be carried out with the
help of a table of Integrals, glve

1. o3
1BV _loh 1,302 2,3 _1 st 21 &5
Bqw, 3P °° gpede” + gete 32 B 1280 42

The total rolling—moment coefficient is found by mulitiplying by 2 "(for
two panels) and dividing by Sb = 4s2c. After a little simplification,
the coefficient becomes

n

2p21), 2,5 1 1 1 1 1 A1
vre[ R e T Ao B

which is equation (19).
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TABLE IT
B AWD Bg AS FUNCTIONS OF M
Bgq for various altitudes
ol 0 [10,000 ££{20,000 £t|30,000 £t|40,000 £t|50,000 £t{60,000 £t
1.1j0.k58| 821 56k 37T 2hk 152 9k 59
1.2] .663} 1,h1k 973 650 h20 262 162 101
1.3| .831f 2,080 1,430 956 617 386 239 148
1.%{ .980| 2,845 1,956 1,307 845 ' 527 327 203
1.5[1.118| 3,726| . 2,562 1,712 1,106 690 428 266
1.6(1.249 4,736] 3,256 | 2,176 | 1,405 877 545 337
1.7[1.375| 5,886 L,ok7 2,705 1,"}&6 1,090 67T hg
1.8|1.h97| 7,184| L4,9k0 3,301 2,132 1,331 825 512
1.9(1.616] 8,641] 5,9k2 3,9TL 2,565 1,600 992 616
2.0(1.732{10,262| 7,056 4,5 3,045 1,990 1179 731
2.5(2.290|21,201 | 14,578 9,739 6,293 3,925 ek3T 1511
3.0(2.828/37,700| 25,924 | 17,322 | 11,188 6,982 | k332 2687
3.513.35560,876| k1,860 | 27,967 | 18,067 | 11,273 6995 43k

—— e
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Figure 1.- The configuration investigai:ed.
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A9,

B9/059),

JIEEEN

\\

“‘ﬂ;’."
0570 20 30 40 30 __80~/0°

Albitude, FE
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Mach number.
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Ses section entitled Camputation Proocedure and Discussion" of present paper.)
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Figure 13.- The single wing panel considered in the appendix.




